INTRODUCTION AND GENERALITIES
Let us consider the Fibonacci polynomials U"(x) and the Lucas polynomials V n (x) (or simply U n and V n , when no misunderstanding can arise) defined by the second-order linear recurrence relations U n =xU n . l+ U n _ 2 {U^0U^ll (1.1) and V n = xV n _^V n _ 2 (F 0 = 2,F 1 = x), (1.2) where x is an indeterminate. It is well known that the polynomials U n and V n , can be expressed by means of the Binet forms 
p = (x-A)/2 = -l/a = x-a.
Recall that further expressions for U n and V n , (e.g., see [1] , [3] where [«J denotes the greatest integer not exceeding a.
In [4] we considered the numbers F^p and 1$ obtainable by taking the first derivative of the polynomials (1.6) and (1.7) at x = 1, and studied their properties. The basic results established in [4] where F" and L n are the usual Fibonacci and Lucas numbers, respectively. Observe that the numbers F" (1) and L® are, respectively, denoted by F^ and L f n in [4] . In this paper we consider the second derivative with respect to x of the polynomials (1.6) and (1.7) and investigate some of their properties, thus keeping, in part, the promise made to the reader in section 4 of [4] . In the concluding section, we offer a brief glimpse of the implications of investigating the k th derivatives of U"(x) and V n (x)
Definitions
Let us define the polynomials U^2 ) and F" (2) , which are also obtainable from (1.6) and (1.7), as (1.13)
= 90x 8 +560x 6 +1050x 4 +600x 2 +50.
In this paper we confine ourselves to studying some properties of the above sequences for the case x = 1. Since, letting x = 1 in (1.1)-(1.5), we have the usual Fibonacci and Lucas numbers, the sequences of integers {£/£ 2) (l)} and {F" (2) (l)} will be denoted by {F" (2) } and {Z^2 ) } and defined as Fibonacci and Lucas second derivative sequences, respectively. A large number of relationships involving F} 2 \ L^\ F^l\ l£\ F n and L" will be exhibited in the following sections. Their proofs are not very complicated but they are rather lengthy, so, for the sake of brevity, only some of them will be given in full detail.
EXPRESSIONS FOR F
( 2 ) AND L (2) 
Analogously, we have 
For the sake of brevity, we shall prove only Identity 1. After some manipulations involving the use of (2.3), (2.4), (1.8), and the identities \ X -\ A [5, page 59] a compact form of which is
Proof of Identity 1: From (2.3) we write
the identity (3.1) can be rewritten as Identity 10 (n = 2m in Id. 
After some manipulations involving the use of I 12 [5, 
Simson formula analogs for U^ and V^ may be obtained from (2.1) and (2.2), but their discovery is left to the perseverance of the reader. Further congruence properties of F w (2) and Z^2 ) can be easily established.
4, SOME SIMPLE CONGRUENCE PROPERTIES OF F™ AND iS^
Proposition 2: F" (2) = 0 (mod 6) for n = 0, ± 1, ± 2, ± 4, ± 5 (mod 12).
Proposition 3: L^ = 0 (mod 6) for n = 0 (mod 3) or n = ±1 (mod 12).
Proposition 4: I% } = 0 (mod 10) for n = 0, ± 1 (mod 5).
The proofs of Propositions 2-4 are similar, so, for the sake of brevity, we shall prove only Proposition 3.
Proof of Proposition 3:
From (2.4) and Proposition 1, it is apparent that we have to find conditions for n(nL n -F n ) to be divisible by 3. The first condition is trivial: n = 0 (mod 3). The second condition is given by the solution of the congruence nL n =F n (mod 3). The repetition period of the sequences {(F n ) 3 ) and {(L n ) 3 ) (the Fibonacci and Lucas sequences reduced modulo 3) is 8 (see [2, page 55]), whereas the repetition period of the sequence of naturals reduced modulo 3 is 3. Since l.c.m. (3, 8) = 24, we have to inspect the elements of the sequences {{nL n ) 3 }^ and {(F n ) 3 )l 3 and look for the equality
It is readily seen that (4.5) is fulfilled for n = 0, ± 1 (mod 12).
•
EVALUATION OF SOME SERIES INVOLVING F^2 ) AND L (^
In this section, several finite series involving F^ and L^ are considered and closed form expressions for their sums are exhibited. For the sake of brevity, only a few among them are proved in detail by using some results obtained in [4] and the further identities 
7=0
The proofs of (5.1)-(5.4) can be carried out with the aid of the Binet forms (1.3)-(1.5) and [4, (3.1) ]. Since they are rather tedious, they are omitted in this context.
5,1. Results
The following results have been obtained.
Proposition 5: £ / ? 2 > = F™ -2(F"%-F" +4 + l).

7=0
Proposition 6: £ ^ = L% 2 -2(Z£> 3 -L n+4 + 2).
Proposition 7:
We point out that several equivalent expressions for the above sums can be given. For example, we have
Finally, the following convolution identities have been established. 
The equality (5.6) (5.6) _. _) can be rewritten as An= ±^5 (n+2) 2_ 2 y 
FURTHER RESEARCH
The first and the second derivatives of polynomials (1.6) and (1.7) have been considered in [4] and in this paper, respectively. More particularly, several properties of the sequences of integers obtainable by taking the above mentioned derivatives at x = 1 have been investigated.
The generalization to the analogous sequences {F% k)
} and 0 n k) }, defined as
(«>1) (6.1) (6.2) (with F^k ) = 0 for k > 0 and Z^ = 0 for k > 1), seems to be very interesting and will be the goal of a future work. In this section we confine ourselves to offering some conjectures about the properties of these sequences. 
6(/i-l) Observe that (6.3)-(6.6) hold also for the minimum admissible value v of n, for which one has Z^, 0) = L v . Analogous identities for F^ can be stated whence the validity of Conjecture 1 can be checked. More generally, all the conjectures and results presented above can be checked against the numerical triangles shown in Figures 1 and 2 , which have been obtained by (6.1) and (6.2), respectively. It must be noted that F^k ) = 0 for k > n -1 , whereas L^ = 0 for k > n.
